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We study theoretically the two-dimensional topological electric state in a single band semiconduc-
tor with strong spin-orbit interactions under harmonic scalar electrostatic potentials. The electronic
states described by the spin Landau levels are insulating in the bulk and host gapless edge states
in the presence of time-reversal symmetry. Such topological states show the properties of the quan-
tized electric conductivity and the quantized spin Hall conductivity characterized by the spin Chern
number Z. The quantization of the two conductivities are robust under various perturbations such
as the potential disorder, the Zeeman field, and the spin-orbit scatterings. Existing semiconductor
technologies would realize the topological states discussed in the present paper.
PACS numbers: 72.25.-b, 73.43.-f, 71.70.Di
The quantum spin Hall state (QSHS) is the two-
dimensional time-reversal invariant topological electric
state characterized by Z2 topological number [1–4]. In
the topological phase, the non-trivial topological number
Z2 = 1 suggests the presence of a pair of gapless con-
ducting channels at the edge of the quantum spin Hall
insulator [5]. The time-reversal symmetry protects such
edge channels because they are Kramers partner of each
other. The key features for realizing the Z2 QSHS are
the band inversion between the conduction and valence
bands, and the spin-orbit interaction reopening the gap
in the energy spectra. Experimentally, the QSHS was
first confirmed in a quantum well of HgTe sandwiched
by CdTe according to the theoretical prediction [6–8].
However, the band inversion is possible only in wide
enough quantum wells, where the spin Hall conductiv-
ity is not well quantized because of the imperfect two-
dimensionality. Recently, theoretical studies have sug-
gested the Z2 QSHSs in silicene and germanene[9–11].
These materials have the two-dimensional lattice struc-
tures similar to the graphene. Generally speaking, the
quantization of the spin Hall conductivity is not achieved
in such QSHSs because the spin-orbit interaction tends to
flip spin of an electron. Indeed in silicene and germanene,
the deformation of the hexagonal lattice structure in the
perpendicular to the plane breaks the mirror symmetry
intrinsically [12], which causes the strong Rashba spin-
orbit interaction and damages the quantization of the
spin Hall conductivity. In addition, it is still difficult
to make the experimental setup for measuring transport
properties in silicene and germanene at the present time.
Tunable topological states on fabricable materials by ex-
isting technology have been highly desired to make clear
rich physics of topological materials in experiments.
In this paper, we propose an artificial quantum spin
Hall insulator fabricated on a mirror symmetrical quan-
tum well of a single-band semiconductor with strong spin-
orbit interactions. The proposed quantum spin Hall in-
sulators have four novel features as follows. At first,
the QSHSs are described by the Landau levels and are
characterized by the spin Chern number Z which can
be any integer numbers [13]. Therefore we call such
topological state ”quantum Landau spin Hall state” (QL-
SHS). At the edge of the spin Hall insulator, Z pairs of
Kramers gapless edge channels carry the spin polarized
current. Secondly the spin Hall conductivity is quan-
tized, which is a direct consequence of the spin Chern
number. Thirdly the spin polarized edge channels are
robust under the symmetry breaking perturbation such
as the Rashba spin-orbit interaction and the magnetic
field, and are protected completely in the half infinite
system. Finally, existing semiconductor technologies en-
able junctions between the quantum spin Hall insulator
and another materials. In addition, the Chern number
is tunable by gating the semiconductor. This paper pro-
vides an alternative definition of the QSHS.
FIG. 1. The schematic pictures of the system under consider-
ation. The two-dimensional electron gas (2DEG) is arranged
in the quantum well and subjected to the electrostatic po-
tential produced by the gate on the quantum well. In (a),
the electrostatic potential is isotropic and plays a role of the
symmetric gauge. The potential in (b) is symmetric about
the center line of the bar geometry and produces the effective
Landau gauge in 2DEG.
We consider the two-dimensional electric gas (2DEG)
described by the single band model in the presence
of time-reversal invariant spin-orbit interaction. The
2Hamiltonian reads
H =
(
p2
2m
+ U0(r)
)
σ0 + bσ · (p×∇U0(r)) (1)
where p = (px, py) is two-dimensional momentum and
U0(r) is the external electric potential applied onto
2DEG in Fig. 1. The 2 × 2 matrix σµ represents the
identity matrix for µ = 0 and the Pauli matrices for
µ = x, y, z in spin space. The third term is the spin-orbit
interaction with the coupling constant b~. We consider
two types of the external static potential U0(r). The first
one US0 (r) has the potential minimum at a single point in
two-dimensional space (x, y) and increases proportionally
to the square of the distance from the minimum point.
The second one UL0 (r) has the potential minimum along a
line in two-dimensional space (x, y) and increases propor-
tionally to the square of the distance from the minimum
line. The potentials can be described by
US0 (r) =
u0
2
(x2 + y2), (2)
and
UL0 (r) = u0y
2. (3)
We assume that the 2DEG staying at z = 0 is thin enough
in the z direction so that the mirror symmetry z → −z
holds locally at z = 0. In such case, the expectation
values of the momentum and the gradient of the elec-
trostatic potential in the z direction vanish as 〈pz〉 = 0
and 〈∂zU〉 = 0. Thus the spin-orbit interaction has only
terms proportional to σz as represented by
e
m
Aα(r) · pσz ,
with
Aα(r) =
mb
e
ez ×∇Uα0 (r), (4)
for α =S and L, where ez is the unit vector along z axis.
With the symmetric electric potential, the Hamiltonian
of the electric state is
H =Π
2
2m
+ U, (5)
where U = uσ0(x2 + y2) is the scaler quadratic potential
with u = u0 −mb2u02/2 and Π is the matrix including
the momentum as
Π =pσ0 + eAα(r)σz . (6)
The matrix eAα(r) plays the similar role of the gauge
vector in the usual quantum Hall states. We can also
introduce the ”magnetic field matrix” B˜ by
B˜ = ∇×Aα(r)σz . (7)
In both cases α = S and L, the effective magnetic field
matrix has same form of
B˜ = (0, 0, Bσz), (8)
with B = 2mub/e. In what follows, we call ASσ
z and
ALσ
z ”symmetric” and ”Landau” gauge matrix respec-
tively, because of their forms AS = (B/2)(y,−x) and
AL = B(y, 0). In fact, the uniform magnetic field along
z axis is typically represented by two gauge vectors: the
symmetric gauge (B/2)(y,−x) and the Landau gauge
B(y, 0). However, the gauge matrix in this paper and
the usual gauge vector have the different property un-
der the time-reversal operation T = iσyK. The gauge
matrix Aασz is antisymmetric under the time-reversal
operation,
TAασzT † = −Aασz . (9)
The Hamiltonian of the electric system is time-reversal
invariant
T H(−p)T † = H(p), (10)
because the gauge matrix and the momentum are trans-
formed in the same way under the time-reversal opera-
tion. The ground state of the Hamiltonian in Eq. (5) is
the quantum spin Hall state because the diagonal parts
of the Hamiltonian H = diag[h+, h−] are nothing other
than the quantum Hall Hamiltonian with opposite mag-
netic field,
h± =
(p± eAα(r))2
2m
+ U. (11)
where the spin of the two electric states is perfectly po-
larized inversely. The two quantum Hall blocked sectors
host two gapless edge states with opposite spin. The
scaler quadratic potential U in Eq. (5) broadens the den-
sity of states arranged from perfectly degenerated Lan-
dau levels [14]. However, it is also possible to reduce u by
tuning u0 to 2/mb, which realizes the well degenerated
Landau levels. When the chemical potential lies between
the Landau levels, 2DEG becomes the quantum spin Hall
insulator. Our scenario for realizing QSHS does not need
the inverted band structure.
To topologically classify the quantum Landau spin Hall
states, we introduce the spin Chern number[13] defined
in the similar way in the Quantum Hall state[15, 16]. The
spin Chern number is calculated as
Cs =
∫
dp(∇p × a(p))z (12)
a(p) =− i
2
∑
n,s
′〈n sp|σz∇p|n sp〉, (13)
where
∑′ means the summation of the electric states
in the occupied bands n and with spin s. The Berry’s
3curvature a(p) is represented by
a(p) =
1
2
(a↑(p)− a↓(p)) , (14)
with
as(p) = − i
∑
n
′〈n sp|σz∇p|n sp〉.
Because of the time-reversal symmetry, the spin Chern
number for one spin direction must be equal to that in
the other spin direction. As a result, the spin Chern
number is defined by the Chern number of the up spin
electric states,
Cs =
∫
dp(∇p × a↑(p))z , (15)
which is an integer number Z. Therefore the quantum
Hall insulator has the 2Z conducting channels at its edge
where Z channels for the spin up states and Z channels
for the spin down one carry the electric current opposite
direction to each other. As a consequence, they carry the
spin current. The ordinary Z2 quantum spin Hall insu-
lators, on the other hand, host only one edge channel for
each spin direction. We also conclude that the spin Hall
conductivity of the quantum Landau spin Hall insulator
is quantized by the spin Chern number in the absence of
spin mixing potentials
Gsxy = s
e
h
Cs, (16)
where we take the charge for spin by s.
In the following, we discuss the stability of the QL-
SHS under various perturbations by using the Landau
gauge in Eq. (3) and 2DEG as shown in Fig. 1(b). The
wave function of eigenstates with the momentum px are
represented by
Ψn,px(x, y) =
eipxx√
L
{
c+
(
ψ+n,px(y)
0
)
+ c−
(
0
ψ−n,px(y)
)}
,
(17)
with
ψ±n,px(y) =
(
e−(y±Y )
2/ℓ2
√
π2nn!ℓ
)1/2
Hn
(
y ± Y
ℓ
)
, (18)
where ψ±n,px is localized at y = ±Y with Y = −pxℓ2/~
and ℓ =
√
~/eB being the spatial width of the edge chan-
nel. Since the energy of QHS in the each blocked spin
sector is characterized by Landau levels, the edge states
play a dominant role in the quantization of the spin Hall
and electric conductivities [1, 17]. Therefore we consider
effects of various perturbations on the electric states near
the edges under the condition of ℓ≪ Y . We consider the
perturbed Hamiltonian represented by
H′ =d0σ0 + dµσµ, (19)
where the index which appears twice in a single term
means the summation for µ = x, y, z. In the presence
of the time-reversal invariance, d0 and dµ are symmetric
and antisymmetric under p→ −p, respectively. The spin
independent disorder d0σ
0 does not affect the QLSHSs
because the quantum Hall state in each blocked spin sec-
tor in Eq. (5) is robust against the potential disorder.
The Rashba spin-orbit interaction due to the potential
gradient along z axis breaks the mirror symmetry and is
represented by
HR =λ(pxσy − pyσx). (20)
Such perturbation mixes the two spin sectors. The in-
teraction pxσ
y mixes the opposite spin state with the
same momenta px and the same Landau index. However
such edge channels are localized opposite edges to each
other and are spatially separated by 2Y as represented by
ψ+n,px and ψ
−
n,px in Eq. (18). In Fig. 2, we schematically
illustrate these wave functions, where ψ+ in upper figure
and ψ− in the lower one represent the wave functions for
spin-up state and these for spin-down one, respectively.
A spin-up state with px > 0 and a spin-down one with
px < 0 are localized at the same edge. On the other hand,
a spin-up state and a spin-down one having the same px
are localized at the opposite edge to each other. As a con-
sequence, the transition probability becomes small value
proportional to exp[−(Y/ℓ)2]. Thus the edge states are
protected perfectly in the half-infinite system. This is
a key feature which protects QLSHS under the various
perturbation as discussed below. The interaction pyσ
x
conserves px but mixes the eigenstates of different Lan-
dau level because of
pyψ
±
n,px =
y − Y
2ℓ2
ψ±n,px −
√
2(n+ 1)
ℓ
ψ±n+1,px . (21)
Scattering due to the first and second terms are negli-
gible by the same reason as discussed in the pxσ
y term.
When the Rashba spin-orbit interaction is weak enough
to satisfy ~λ/Bℓ, the electric states remain insulating in
the bulk and helical at the edges.
Even in the absence of the time-reversal symmetry, the
edge states of the QLSHS are stable under ℓ ≪ Y in
some cases. Here we discuss the uniform Zeeman field
described by Bext · σ. The uniform Zeeman field pre-
serves the momentum px and the Landau level n. The
Zeeman field in the z direction is spin diagonal and only
shifts the energies of the two quantum Hall Hamiltonians
of Eq. (11). Effects of the Zeeman field in the xy plane are
also negligible for ℓ≪ Y by the same reason as discussed
in the pxσ
y term. Next we consider uniform magnetic
field applied onto 2DEG represented by Bext = ∇×Aext
which shift the momentum as p → p − eAext. As a
result, the gauge matrix in Π at Eq. (6) changes to
Atotal = A
Lσz + Aextσ
0. The real magnetic field only
modifies the amplitude of the gauge matrix depending on
4spin direction. Therefore, the edge states of the QLSHS
is stable even in the presence of uniform magnetic fiels
with Bext < B. However, magnetic impurities break the
quantization of the spin Hall and electric conductivities
in the QLSHS because they mixes the opposite spin edge
channels localizing the same edge.
FIG. 2. The schematic picture of the wave functions localizing
at Yi = ±piℓ
2/~ with the eigen momentum px = pi under the
Landau gauge. Here ψ+ and ψ− are the wave function for up-
spin and down-spin states respectively. The upper and lower
series of the eigenstates have up and down spin respectively.
The crossing arrows are the non-local interactions mixing the
states with opposite spin, e.g. the Rashba spin-orbit interac-
tion and the uniform Zeeman field.
Finally, we estimate the strength of the applied elec-
trostatic potential u0 to realize the QLSHS. The energy
gap of the Landau levels ∆Ec can be represented by
∆Ec =
~eB
m
= 2~bu0. (22)
For instance, in the quantum well of InxGa1−xAs sand-
wiched by InP[18], the Rashba spin-orbit coupling con-
stant α = b~〈Ez〉 is estimated to be 10−11[eVm], where
〈Ez〉 is the electric field perpendicular to the quantum
well. In experiments, the electric field is typically esti-
mated to be 106[V/m]. The coupling constant of spin-
orbit interaction results in b~ ≃ 10−17[m2]. To realize the
QLSHS with ∆Ec = 10[meV] in a quantum well with the
sample width of 0.1[µm], the voltage between the edge
and the point of the potential minimum is required to be
5[V].
In summary, we have studied the two-dimensional elec-
tric states on the single-band semiconductor under the
quadratic electrostatic potential. The strong enough
spin-orbit interaction playing a role of the effective gauge
vector causes the Landau level quantization of the two-
dimensional electronic states. As a consequence, the elec-
tronic states become the two-dimensional quantum spin
Hall states showing the property of the quantized spin
Hall conductivity. Under the effective Landau gauge, we
have shown that the quantum Landau spin Hall states are
robust under various perturbations such as the Rashba
spin-orbit interaction and magnetic fields.
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